Abstract. Let K be a non-empty, closed, convex subset of a real reflexive Banach space E, such that K is a sunny non-expansive retract of E. We introduce implicit and explicit averaged iteration schemes for asymptotically non-expansive non-self mapping T : K -> E and obtain the strong convergence to the fixed point of T. Our results can be considered as extension to the results obtained in 
Introduction
We use the notations E, E* to denote the Banach space over the real scalar field and the dual space respectively. The duality map J : E -> E*, is defined as (1.1) J(x) = {x* G E* : (x, x*) = ||zl 2 = ||x|| 2 } for each iEÊ. The single valued duality map is denoted by j. (.,.) denotes the duality pairing and N denotes the set of all positive integers. We denote the set of fixed points of T by F(T). A real Banach space E is strictly convex if Hïi^H < i f or a u x,y £ E with ||x|| = ||y|| = 1, x ^ y. It is said to be uniformly convex if for all e G [0,2], there exists 5 e > 0 such that ||x|| = ||y|| = 1 with ||x -y\\>£ implies < 1 -5 e . The norm of E is Gâteaux differentiable, if the limit
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t->0 t exists for each x,y on the unit sphere S(E) = {x E E : ||a;|| = 1}. The Banach space with Gâteaux differentiable norm is said to be smooth Banach space. A subset K of E is said to be a retract if there exists a continu-ous mapping P : E -> K such that Px = x for all x E K. Every closed convex subset of a uniformly convex Banach space is a retract. A mapping P : E -> E is said to be retraction if P 2 = P. Let K be a non-empty closed convex subset of E. Recall that a non-self mapping T : K -» E, is called asymptotically non-expansive if there exists a sequence {k n } C [1, oo), k n -» 1 as n -> oo such that
for all x,y E K and n > 1. A subset K of E is said to be non-expansive retract, if there exists non-expansive retraction P : E -> K. A retraction P : E -y K is called sunny if P has the following property: P(Px + t(xPx)) = Px for all x E K and t > 0 with Px + t(x -Px) e K. Shimizu and Takahashi [4] studied the strong convergence of the averaged iteration scheme given by 1 n x n+ i = a n x + (l -a n )---y^T 3 x n , n> 0 71+ 1 ' j=0 for arbitrarily chosen x, xq & H, where H denoted the Hilbert space and T is a non-expansive self map. An extension of the result to uniformly convex Banach space with uniformly Gateaux differentiable norm can be found in [5] . Regarding the case of non-self non-expansive mapping, Matsushita and Kuroiwa [1] stepped forward to introduce the approximation method in real Hilbert space and obtained the strong convergence results. Recently, Wangkeeree [8] obtained the strong convergence of the averaged iteration schemes 1 " 
-n 3=0
and obtained the strong convergence of both in uniformly convex Banach space with weakly sequentially continuous duality map J^ with the gauge function (j>, for asymptotically non-expansive self maps. Inspired and motivated by the result of [3] , we introduce the implicit and explicit averaged iteration schemes for asymptotically non-expansive non-self mapping T and obtain the strong convergence to the fixed point of T. Our results can be considered as extension to the results obtained in [3] , [8] , [1] , [5] , [4] , [6] . REMARK 1. In particular, the duality mapping J^, with the guage function </>(i) = t, is the normalized duality mapping J, defined by (1.1). Therefore, the result of Lemma 2, also holds for weakly continuous duality mapping J. For a smooth Banach space E, a non-empty closed convex subset K, the following boundary condition can be found in [2] for all x £ K, where Sx = {y £ K : y ^ x, Py = x} and P is the sunny non-expansive retraction of E onto K.
Preliminaries and basic results

LEMMA 1. [7] For allx,y £ E and for all j{x + y) £ J(x + y), the following inequality holds
LEMMA 4. Let K be a closed convex subset of a smooth Banach space E and let T be a mapping of K into E. Suppose K is a sunny non-expansive an+1 < (1 -an)an + ane. (2.1)
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retract of E. IfT satisfies condition (2.1) then F(T) = F(T(PT)), where P is a sunny non-expansive retraction of E onto K.
Proof. Observe that F(T) C F(T(PT)).
Let 2 € F(T(PT)).
Then T(PT)z = z.T satisfies condition (2.1), i.e. Tz € S c z. Therefore (PT)z = z and Tz = z, which implies
This implies F(T(PT)) C F(T).
Hence
F(T) = F(T(PT)). »
Implicit averaged iteration
Let {t m} be a real sequence in (0,1), u be an anchor, T : K -> E be an asymptotically non-expansive map and P : E -> K, a non-expansive retraction. We take limm^oo6m/im = 0, and define the implicit averaged iteration scheme as:
We now prove that Showing that Tm is a contractive map. Hence, the unique fixed point of Tm is guaranteed by Banach fixed point theorem. Therefore, the implicit iteration scheme given by (3.1) is well defined. (ii) (zm -u,j(zm -X*)) < 1(1 -im) 2 im(^) 2 M 2 + (1 -tm) 2b^M2 for all x* G F(T) and some constant M.
Proof. Let x* <E F(T), then we have P(( 1 -tm)x* + tmu) = (1 -tm)x* + tmu.
Consider Vm > N By simple manipulation, we get result (ii).
• 
THEOREM 1. Let K be a non-empty closed convex subset of a reflexive Banach space E with a weakly continuous duality map J. T : K -> E be an asymptotically non-expansive non-self map with F(T) ^
. m+1
J=1
Since {T(Pr) J-1 zm} is bounded, therefore, limm -•00 || Zm TmZm II = 0. By reflexive condition of E and boundedness of {zm}, there exists a subsequence {zmk} of {zm}, such that {zmk} -p. By Lemma 3, replace the self map T by the map T(PT),
which yields
I\Zm" ~P\\ 2 < {Zmk -U,j(zmk -p)).
By ( 
k->00
Implies that {zmk} -> p. Now it remains to show that p is the solution of the variational inequality given by (3.3) . Consider for any x* E F(T),
Since j is single-valued weakly continuous, therefore
We arrive at the conclusion that every subsequence of {z m } converge to the unique point p G F(T), which is the solution to the variational inequality 
Proof. Let p € F(T)
. limn^oo b n /a n = 0 implies that there exists a positive integer N, such that for all n > N, b n /a n < 1/2. Take a constant M large enough, so that ||xn -p\\ < M and ||u -p|| < M/2. Suppose that ||xn -p|| < M, for some n > 1. In order to prove the boundedness of the sequence {x n }, we use induction. Consider, . ra+1 ||Xn+l -p|| < «nil« -p|| + (l-a")-\\T{PTy~lx n -p\\ 'i "l J-, < a n \\u-p\\ + (1 -a n )(b n + 1)||x n -p\\ = a n ||u -p|| + (1 -a n )b n \\x n -p|| + (1 -a n )\\x n -p\\ < a n \\u-p\\ + Q n -||x n -p|| + (1 -Ctrl)ll^-n p|| (Xn M M ." .,, < a n -+ a n -+ (1 -a n )M = M.
Hence {x n } is bounded, therefore, X]j=1 T(PT) : '~1x n } is also bounded, lim ||x n+ i -r n x n || = lim a n \\u -T n x n \\ = 0.
n->00 n->00
By boundedness of {x n } and reflexivity of E, there exists a subsequence x nk x*. In Lemma 2 (ii) , replace the self map T by T(PT), we get x* G F(T(PT)) = F(T). Since the duality map j is weakly continuous, we have lim sup<u -p, j(x n+1 -p)) = lim sup(ti -p, j{x nk+1 -p)) n-• 00 n->00 = (u~P,j(x* -p)).
As proved in Theorem 1, there exists a unique solution p in F(T) to the variational inequality (3.3), therefore lim sup(ti -p,j(x n +1 -p)) < 0. n-»00
Then for any e > 0, there exists N G N, such that (u -p,j(x n+ i -p)) < e, for all n > N. Next, we show that {x n } -> p as n -> 00. By Lemma 1 ||^n+i -p|| 2 < (1 -a n ) 2 \\r n x n -p\\ 2 + a n (u-p,j(x n+1 -p)) = (1 -a n ) 2 (b n + l)\\x n -p\\ 2 + a n (u -p,j(x n+ i -p)) < (1 -a")||a;" -p|| 2 + a n e.
Using Lemma 3, we get the desired result.
•
